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Morphing structures are those which are able to change shape
actively or passively in response to their environment. They rely
on external loads (such as pressure or temperature), intrinsic
material and geometric behaviour, and some sort of actuation to
morph between different states. Morphing structures offer a seam-
less shape change without the need for conventional mechanisms
(Soﬂa et al., 2010); therefore, they can provide a substantial de-
crease in mass, cost, and actuation power requirements.
Part of the work on morphing devices has so far concentrated on
structures that are stable in two or more states. This research aims
instead to introduce a structure, which is capable of remaining in a
deformed state for a certain amount of time, before recovering to
its original state without further actuation. We say that the struc-
ture is pseudo-bistable, because it remains in a nominally unstable
equilibrium, before quickly moving away from it after a period of
time. This time-dependent behaviour is introduced through the
use of a viscoelastic material which triggers the transition between
the states.
The motivation to adopt these pseudo-bistable structures is the
potential reduction in actuation power requirements. Indeed, a
bistable structure requires two-way actuation to deform the struc-
ture into its new state—the snap-through—and to return it to its ori-
ginal conﬁguration—the snap-back. In a pseudo-bistable structure,
actuation would only be needed for the snap-through, as the
snap-back is self-actuated. Depending on the recovery time ofll rights reserved.
Brinkmeyer).the structure and the loading conditions, this could mean signiﬁ-
cant power reductions compared to a conventional bistable struc-
ture. Here we will consider an isotropic spherical dome as a case
study.
The snap-through and snap-back of domes is essentially a buck-
ling problem. In the past, a large amount of research has concen-
trated on the buckling of thin domes. One of the ﬁrst
experimental studies on thin spherical domes was performed by
Bach (1899) who showed that deformation was principally asym-
metric. Later, Klöppel and Jungbluth (1953) used high-speed pho-
tography to study the buckling process in thin domes and have
observed that the snap-through process consists of an initial axi-
symmetric deformation, quickly followed by a transition to a ﬁnal
asymmetric shape.
Research on dome buckling has also attempted to establish the
link between geometry and the nature of the deformation. Brod-
land and Cohen (1987) proposed a ﬁnite element model and stud-
ied the effect of the shell geometry on the snap-through of
spherical shells. More recently, the numerical work by Vaziri
(2009) demonstrated that the transitions between axisymmetric
and asymmetric behaviour are linked to the thickness of the dome.
Finally, Santer (2010) recently proposed an isotropic viscoelastic
model using ﬁnite element analysis and demonstrated that pseu-
do-bistability or, in his words, temporary bistability, could exist in
spherical caps under certain conditions. By varying model param-
eters such as thickness-to-radius and viscoelastic ratios, he deter-
mined critical values for the existence of pseudo-bistability.
The goal of this research is to investigate the pseudo-bistable
phenomenon in an isotropic viscoelastic dome through ﬁnite ele-
ment modelling and to conﬁrm this behaviour experimentally.
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are described. Then, the pseudo-bistable phenomenon is demon-
strated for various geometric parameters, and the effect of these
parameters on the recovery time of the structure is shown, using
both numerical and experimental results. Next, we show that a sin-
gle geometrical parameter k0 is sufﬁcient to describe the pseudo-
bistable behaviour uniquely. Finally, external factors and loading
conditions are considered and form, with the geometrical parame-
ter k0, a complete set of rules for the design of pseudo-bistable
domes.
2. Model deﬁnition
2.1. Deﬁnition of the k Parameter
The geometry of the dome is given in Fig. 1. Research on the
buckling of thin domes has previously used a geometrical parame-
ter k which reduces the number of geometrical combinations to a
single variable (Kalnins, 1962; Brodland and Cohen, 1987; Singer
et al., 2002). The k parameter is deﬁned as follows
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12ð1 m2Þ4
q ﬃﬃﬃﬃﬃﬃﬃﬃ
R=h
q
a ð1Þ
where R is the radius, h the thickness, a the subtended half-angle of
the dome, and m the Poisson’s ratio of the material.
The geometrical or shallowness parameter k can be interpreted
by ﬁrst recognising that the elastic response of the dome can be di-
vided into membrane and bending stiffness components Eq. (2).
K ¼ Eh
1 m2 ; ð2aÞ
D ¼ Eh
3
12ð1 m2Þ : ð2bÞ
Assuming shell theory, the membrane stiffness K is linearly depen-
dent on the Young’s modulus E and the thickness h, whereas the
bending stiffness D increases proportionally to the cube of the
thickness (Brodland and Cohen, 1987).
Kalnins (1962) was one of the ﬁrst authors to use the geometri-
cal parameter in the study of the vibration of shallow spherical do-
mes. It can be shown by dimensional analysis that k is related to
the ratio of stretching to bending energies by
k ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ustretching
Ubending
s
; ð3Þ
where U indicates the total strain energy. Ustretching is a function of
K, whereas Ubending depends only on D.
After deforming the dome into its indented (buckled state), the
recovery of the dome occurs mainly due to the action of bending
forces. In the case where the thickness of the dome is small, i.e.
for a large k, bending forces are small compared to stretching
effects, and the structure remains stable in its buckled state
(Brodland and Cohen, 1987). For an increasing thickness, i.e. a
decreasing k, bending effects become increasingly signiﬁcantFig. 1. Dome geometry (cross-section view). The dome is deﬁned by its thickness h,
its radius R, and subtended half angle a. The height of the dome is H.compared to stretching effects due to the difference in the
thickness scaling. For a sufﬁciently large thickness and a critical
value of k, the bending forces eventually dominate and return
the structure to its original state.
Since the geometric parameter has not yet been investigated for
thick-walled viscoelastic structures we will ﬁrst study the geomet-
ric and material parameters independently before attempting to
verify their relationship with k.
2.2. Viscoelastic model
In the time domain the behaviour of an isotropic viscoelastic
material is governed by the time-dependent shear and bulk relax-
ation moduli GR(t) and KR(t) (Kim et al., 2010). The shear and bulk
moduli of a material represent the deviatoric and volumetric com-
ponents of the stiffness. Assuming a constant Poisson’s ratio they
are related to the Young’s modulus ER(t) by
GRðtÞ ¼ ERðtÞ2ð1þ mÞ ; ð4aÞ
KRðtÞ ¼ ERðtÞ3ð1 2mÞ : ð4bÞ
The dimensionless shear relaxation modulus gR(t) is then deﬁned by
the ratio of the relaxation modulus to the initial shear modulus,
G0 = GR(0). The dimensionless bulk relaxation modulus kR(t) is de-
ﬁned in a similar way,
gRðtÞ ¼
GRðtÞ
G0
; kRðtÞ ¼ KRðtÞK0 : ð5Þ
A Prony series expansion can be assumed to deﬁne the variation of
the dimensionless relaxation moduli with time
gRðtÞ ¼ 1
XN
i¼1
gPi ð1 et=si Þ; ð6aÞ
kRðtÞ ¼ 1
XN
i¼1
kPi ð1 et=si Þ; ð6bÞ
where N is the number of Prony terms; gPi ; k
P
i are respectively the
shear and bulk relaxation parameters; and si are the material time
constants.
In other words, the relaxation behaviour is given by a series of
exponential functions associated with the material parameters N,
gPi ; k
P
i , and si. This model can be seen as a superposition of Standard
Linear Solid (SLS) models which predict both creep and stress
relaxation behaviours. A proof of the equivalence between these
models is found in Kim et al. (2010) and Tzikang (2000).
By studying the limits of Eq. (6), it follows that:
 For t = 0: gRð0Þ ¼ kRð0Þ ¼ 1:
 For t =1: gRð1Þ ¼ 1
PN
i¼1g
P
i ; kRð1Þ ¼ 1
PN
i¼1k
P
i :
Hence the parameters gPi ðkPi Þ can be seen as the fractional de-
crease of the shear (bulk) relaxation modulus as time approaches
inﬁnity. Assuming that the Poisson’s ratio m is time-independent,
then from Eqs. (4) and (5),
gRðtÞ ¼
GRðtÞ
G0
¼ ERðtÞ
E0
; ð7aÞ
kRðtÞ ¼ KRðtÞK0 ¼
ERðtÞ
E0
; ð7bÞ
so that gR(t) = kR(t).
Whilst gP1 ¼ kP1 for a one-term series (N = 1), in the general case,
we can assume that the shear and bulk constants are equal without
loss of validity, so that gPi ¼ kPi .
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2.3.1. Type of analysis
The choice of the ﬁnite element (FE) solution needs to match
closely the requirements of the problem. The commercial ABAQUS
FE package is used throughout (Abaqus, 2010). In an elastic buck-
ling or collapse analysis, an arc-stepping algorithm (such as the
Riks analysis implemented in ABAQUS) would normally be the best
option to capture the entire load–displacement curve as it uses
an abstract arc length parameter instead of a time step. In the pres-
ent model, however, the time dependency inherent to viscoelastic-
ity prohibits the use of this analysis procedure.
Since the snap-back event is sudden and time-bound, a dynamic
simulation is the most accurate representation of the problem as it
is able to capture velocities and inertial effects. A dynamic implicit
analysis was therefore implemented. The ABAQUS parameter NLge-
om was activated to account for geometrical nonlinearities result-
ing from the large structural deformations.
2.3.2. Choice of elements
Thin-walled theory cannot be applied to this problem as the
structure is principally loaded in the transverse direction and the
through-thickness strains are high—in some areas exceeding as
much as 40%. Moreover, because of the large thickness-to-radius
ratios (h/R > 0.1) deformation always occurs in an axisymmetric
pattern (Vaziri, 2009). Taking advantage of this, a 2D cross-section
was considered to be sufﬁcient to capture the global behaviour.
Finally, the analysis requires the use of full integration ele-
ments, as the latter are able to model a wide range of strains and
geometries; reduced integration elements, on the other hand, suf-
fer in this problem from hourglassing and severe distortion effects.
In conclusion, continuum axisymmetric elements (CAX4) are cho-
sen to capture these requirements.
2.3.3. Loads and boundary conditions
A distributed rather than concentrated load is the best approach
to deforming the structure as it reduces numerical ill-conditioning
due to localised effects. The load is applied through a ball head in-
denter, which is used to deform the dome vertically by controlling
the indenter displacement. The advantage of such an assembly is
that the load is applied progressively onto the surface and is evenly
distributed between the nodes coming in contact with it (Fig. 2). To
avoid stress concentrations and locally high strains, the indenter
radius Rind needs to be sufﬁciently large. Typically, it is found thatFig. 2. Loads and boundary conditions. A vertical boundary condition is applied to
the dome base using a Slider MPC.choosing an indenter radius such that Rind/R  30% gives the de-
sired response.
The base of the dome is restrained vertically by applying a zero
vertical displacement at the middle node; however, it is free to
translate horizontally and rotate. This boundary condition is dis-
tributed to the whole base using a Slider Multi-Point Constraint
(⁄Slider MPC) which allows free movement of the nodes along
the nodal line. This is to allow for thickness changes due to Pois-
son’s ratio effects.
The deformation of the dome z is measured vertically and down-
wards from the mid-plane node at the top of the structure, so that
variations in the dome thickness are not included into the maxi-
mum total displacement.We deﬁne z⁄ = z/H as the non-dimensional
displacement ratio, where H is the height of the structure.
All analyses consist of three steps:
1. Loading step. The displacement is increased linearly up to its
maximum value; this is given by the maximum displacement
ratio zmax.
2. Relaxation step. The indenter is ﬁxed at its current position zmax,
allowing the material to relax.
3. Recovery step. The indenter is quickly removed and the struc-
ture is allowed to recover freely.
Additionally we deﬁne tload as the loading time and trel as the
relaxation time. For the baseline (reference) case, we set
tload = 1.0 s and trel = 10.0 s. These parameters are chosen to dem-
onstrate the pseudo-bistable phenomenon and to preclude poten-
tial convergence problems.
2.3.4. Convergence
Obtaining satisfactory convergence of the analysis is challeng-
ing because it is an extremely non-linear problem. Although the
implicit analysis method is, by deﬁnition, unconditionally stable,
an appropriately small time increment is needed to minimise the
residual error. It was also found that the number of elements in
the through-thickness direction governs the mesh convergence.
By converging and ﬁne-tuning both the number of elements and
the size of the time increments, the set of parameters shown in Ta-
ble 1 was found to be the most appropriate.
The time increment in the loading step needs to be particularly
small (1 ms) as it is associated to the highest strain rates; on the
other hand, the time increment in the relaxation step is much lar-
ger (1 s) as there is little deformation taking place.
3. Material characterisation and test methods
3.1. Material characterisation
The manufacturing aim was to create a compliant structure
capable of viscoelastic behaviour. Sylgard 182—a silicone rubber
compound—proved to be suitable. Silicone is a rubber-like mate-
rial, with a characteristically low stiffness and high failure strain.
It has a high resistance to moisture absorption and elevated tem-
peratures, is chemically stable, and is easy to manufacture. Finally,Table 1
Mesh and incrementation parameters.
Parameter Value
Min. number of elements through thickness 26
Max. element aspect ratio 3
Min. total number of elements 1800
Time increment, loading step 0.001 s
Time increment, relaxation step 1.0 s
Time increment, recovery step 0.1 s
Table 2
Elastic properties and density of silicone rubber.
E1 (MPa) m (–) q (kg/m3)
0.935 0.469 1030
Table 3
Prony series parameters characterising the viscoelastic response of silicone rubber.
Term gPi k
P
i
si (s)
1 0.0512 0.0512 0.634
2 0.0225 0.0225 3.664
3 0.0194 0.0194 13.10
4 0.0191 0.0191 94.56
Fig. 3. (a) Photograph of the testing apparatus. (b) Close-up of the base.
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cracks are easily detected.
The properties of the silicone resin were obtained using the
ASTM D412 stress relaxation test methods for rubber (ASTM,
2006). The tests used six silicone specimens, with approximate
gauge length 200 mm, width 20 mm, and thickness 2 mm. Each
test involved preloading each of the specimens at 5 N, then keeping
a constant strain for 5 min to allow the material to relax.
A video extensometer was used to measure the longitudinal and
transverse strains at different points on each specimen and hence
determine the Poisson’s ratio. The density was obtained from the
Sylgard 182 Data Sheet (Sylgard, 2009). The averaged properties
are summarised in Table 2, where E1 denotes the long-term (re-
laxed) Young’s modulus.
A Prony series was ﬁtted to the relaxation data using a least
squares approach. It was found that four terms were sufﬁcient
for an accurate ﬁt (RMS error < 1%). These terms were then used
as inputs to the ABAQUS viscoelastic model. It was assumed that
shear and volumetric responses are affected equally by viscoelas-
ticity, so gPi ¼ kPi . The Prony series parameters are given in Table 3.
We deﬁne the long-term relaxation K1 of the material as the
fractional decrease of shear modulus and use Eqs. (5) and (6) to
write
K1 ¼ 1 GRð1ÞG0 ¼
X4
i¼1
gPi ¼ 11:2%; ð8Þ
where GR(1) is the long-term shear modulus, and G0 the initial
(instantaneous) modulus. It is noted that K1 is equal to the sum
of the relaxation coefﬁcients. Therefore, using the Prony series in
Table 3, as time approaches inﬁnity the shear modulus drops by
11.2%. We state equivalently that the material relaxes by 11.2%.
In the more general case, the material relaxation is a function of
time t and is denoted K(t)—the current relaxation. The baseline
analysis assumes a relaxation time of 10 s; hence by applying the
Prony model with t = 10 s gives a current relaxation of
K(10) = 8.5%. By examining the ratio of the current to the long-
term relaxation K(t)/K1 then for the baseline case this relaxation
ratio is equal to
Kð10Þ=K1 ¼ 8:5=11:2 ¼ 75:3%: ð9Þ3.2. Experimental test methods
The components were manufactured using a Rapid Prototyping
closed mould, which enabled the production of highly repeatable
and reliable components. The resin, once mixed with the hardener,
was degassed for 10 min and at 60 C at full vacuum to eliminate
most of the air trapped during the mixing. The mixture was then
poured into the mould, which was then heated to 80 C for 3 h to
vulcanise the rubber. To ensure a good ﬁnish of the component,an appropriate quantity of resin was chosen so that the part was
moulded to shape.
The test apparatus consisted of an indenter, mounted on a stan-
dard Instron test machine, and a base to support the specimen
(Fig. 3). The upper plate of the base contained a hole sufﬁciently
large to allow for the inversion of the dome; the surface was oiled
to minimise the friction and to provide as accurately as possible
the chosen boundary condition.
Similarly to the numerical model, the indenter had a ball head
to provide a smooth application of the load. A 10 mm indenter ra-
dius was used for the test (same as the numerical simulation). The
load was applied at a constant cross-head displacement of
1000 mm/min (the maximum rate). The loading time varied
slightly with the maximum indenter displacement and was around
tload  2.3 s. The recovery time was measured indirectly by record-
ing the impact of the snapping dome on the indenter; a MATLAB code
(MATLAB, 2010) recognises the sudden load peak as the snap-back
event and automatically calculates the recovery time.
It must be noted that the numerical and experimental loading
times differ slightly due to constraints in the testing apparatus;
this has little inﬂuence on the results as the difference in material
relaxation is only approximately 1%.4. The pseudo-bistable phenomenon
4.1. Demonstration of the phenomenon
To demonstrate the pseudo-bistable phenomenon, we plot in
Fig. 4 the non-dimensional vertical displacement z⁄ as a function
of time, with the parameters given in Table 4. Together these
parameters form the baseline conﬁguration which will be referred
to later in this paper.
At the release of the indenter, i.e. at the start of the recovery
step (t = 11 s), the structure settles to a lower displacement and a
shallow decrease of the displacement is observed. This displace-
ment plateau, in which z⁄ remains approximately constant, lasts
around 4.35 s, after which the displacement suddenly drops to a
near-zero value. This abrupt drop corresponds to the snap-back of
the structure. The ﬁnal equilibrium of the structure is reached sec-
onds later, when the stored elastic energy is dissipated completely.
However, because the snap-back causes a nearly full recovery of
the structure (the displacement drops by 97% in 0.01 s) we take
the recovery time trec as the time between the release of the
Fig. 4. Evolution of the displacement ratio z⁄ with the simulation time for the
baseline analysis. A displacement plateau during recovery indicates the presence of
pseudo-bistability.
Table 4
Baseline geometry and loading parameters.
h (mm) R (mm) a () m zmax
5.2 27.5 80 0.469 1.54
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times have been previously deﬁned as tload and trel, respectively.)
The existence of a displacement plateau and a snap-back fol-
lowing the release of the constraint are characteristic signs of pseu-
do-bistability, where the structure follows an unstable path of
recovery for a certain amount of time before quickly reverting to
its stable state. The pseudo-bistable phenomenon loses its signiﬁ-
cance if the recovery is too smooth, i.e. there is no distinguishable
snap-back. So, we need to impose that pseudo-bistability exists
only if the recovery occurs over two signiﬁcantly different time
scales; this entails that the snap-back should occur much faster
than the total recovery of the structure. In this case, for example,Fig. 5. Deformation shapes of the dome at various stages of the loading (a–c) and the rec
0.01 s. The relaxation step is not shown as little deformation is observed.the snap-back time (0.01 s) is two orders of magnitude smaller
than the recovery time (4.35 s).
Fig. 5 shows the deformation of the dome at different stages of
the loading and recovery paths, for the numerical analysis. The de-
formed shapes are also representative of experimental evidence.
Clearly, the dome undergoes a full inversion during loading, and
the shape of the dome after the snap-back matches the pristine
shape almost exactly. However, small residual stresses and defor-
mations prevent a perfect recovery, even when the structure is al-
lowed to rest for a long time. Indeed, the ﬁnal displacement at the
apex is 0.6 mm and represents a 99% recovery from the deformed
shape; this residual is probably numerical. The ﬁgures show negli-
gible stress concentrations due to the indenter loading; this dem-
onstrates that the load is well distributed and that the indenter
is of the appropriate geometry.
While the stress gradients through the thickness are relatively
uniform in the region of the indenter, i.e. a state of uniform bend-
ing, this assumption breaks down towards the base, where signif-
icant three dimensional effects occur due to the edge boundary
layer. This is of little concern in the current research but demon-
strates once more that continuum elements are needed to describe
the global behaviour accurately.4.2. Thickness analysis
We now consider the effect of geometry on the pseudo-bistable
phenomenon. Fig. 6 plots the recovery time against the dome
thickness, for values around the baseline value of h = 5.2 mm (all
other baseline values are kept constant). Clearly, as the thickness
is increased, the recovery time decreases; at h = 5.25 mm the
recovery time becomes zero and the pseudo-bistable effect is lost.
In other words, the structure recovers immediately upon unload-
ing, which means the structure becomes monostable. On the other
hand, decreasing the thickness causes the recovery time to in-
crease, rapidly reaching a vertical asymptote at h  5.167 mm. At
thicknesses smaller than the asymptotic value the structure does
not recover and instead settles in its deformed state. In other
words, the structure becomes bistable. In conclusion, the curve rep-
resents the entire achievable range of pseudo-bistability.
Noticing that each thickness corresponds to a single recovery
time, using this curve it would be possible to tailor the thicknessovery (d–f). Figures (e) and (f) indicate the snap-back of the dome, which occurs in
5.16 5.18 5.20 5.22 5.24 5.26
0
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Fig. 6. Effect of the thickness on the recovery time. The recovery time decreases
from a vertical asymptote at h  5.167 mm to zero at h = 5.25 mm.
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Fig. 7. Effect of the dome angle on the recovery time. The recovery time increases
from zero at a = 79.6 to inﬁnity at a  80.3.
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Fig. 8. Inﬂuence of the recovery time with k for changes in thickness, angle, and
Poisson’s ratio. This new set of curves is obtained by applying the deﬁnition of the
geometrical parameter k to the data in Sections 4.2 and 4.3.
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ical model indicates that the recovery time is highly sensitive to
changes in thickness. Indeed, in this case the pseudo-bistability
phenomenon exists inside a thickness interval of Dh  83 lm,
which is evidently small. A similar trend is obtained when varying
the Poisson’s ratio around the value of m = 0.469; hence it is not de-
tailed here.
4.3. Angle analysis
Similarly to the thickness analysis, the half-angle a is perturbed
around its baseline value, keeping all other parameters constant;
the results are plotted in Fig. 7 for the numerical model. It is clear
that, compared to thickness perturbations, the inverse effect is ob-
served here—a higher a increases the recovery time trec, and a low-
er a decreases it. The recovery time asymptotically increases to
inﬁnity at a  80.26 and decreases to zero at a = 79.6. The inter-
val in which pseudo-bistability exists is also small and is equal to
a  0.66.
It is important to emphasise here that the deformation is global,
as the dome undergoes a full inversion. Hence, changes in the base
angle have an effect on the global behaviour of the structure. This
link is clearly evident in Fig. 7. Varying the dome radius shows a
similar trend to angular variations—as the radius increases, so does
the recovery time.
4.4. Inﬂuence of Young’s modulus
Varying the Young’s modulus of the structure is found to have
negligible inﬂuence on the recovery time of the structure. To ex-
plain this, we need to return to the deﬁnition of the membraneand bending stiffness components of Eq. (2) and the energetic for-
mulation of Eq. (3). Clearly, both the membrane stiffness K and
bending stiffness D linearly depend on the Young’s modulus E of
the material. Since the membrane and bending energies are a linear
function of K and E, increasing E contributes equally to both bend-
ing and membrane energies. As a result, a change in the Young’s
modulus does not inﬂuence the global behaviour of the structure.
5. Validation of the k parameter
5.1. Baseline conﬁguration
We are seeking to use k to capture uniquely the effect of the
geometrical and material variations on the recovery time. Using
the data obtained in the previous section for each of the parame-
ters, we now apply the deﬁnition of the parameter k (Eq. (1));
the new set of ﬁgures is plotted in Fig. 8. Overall, the recovery time
rises with an increasing k, much like the effect of angular variations
in Fig. 7; this is because k is proportional to a, by deﬁnition. In
terms of energy balance (Eq. (3)), an increase in a causes the ratio
of stretching to bending energies to rise, hence increasing the value
of k and the recovery time. Conversely, increasing h decreases this
ratio and k, so the recovery time decreases.
Fig. 8 shows, moreover, that the curves corresponding to the
thickness and angle variations match each other well (it can be
shown that this is also true for radius variations). On the other
hand, the curve corresponding to the Poisson’s ratio variation fol-
lows a similar trend but is offset from the thickness and angle
curves. This indicates that the current form of the k parameter does
not allow a single representation of both geometrical and material
variations.
We deﬁne k0 as the value of k where the recovery time is zero
and kcrit the value where the recovery time reaches the asymptote.
Taking the thickness curve as an example, then k0 = 5.590 and
kcrit  5.635; this corresponds to a pseudo-bistable interval of
Dk = kcrit  k0  0.045.
5.2. Generalisation of the k Parameter
To generalise the k parameter we need to extend its validation
to different geometries and materials far from the baseline conﬁg-
uration. Several checks have been performed using different sets of
parameters, and the recovery times were compared to the baseline
values. Table 5 summarises the six different conﬁguration tested;
the parameters that have been changed from the baseline values
are indicated in bold.
The evolution of the recovery times for the different checks is
plotted in Fig. 9 against the geometrical parameter k. Similarly to
Table 5
List of the different geometrical and material conﬁgurations tested. The parameters
that are changed are indicated in bold.
Analysis h (mm) R (mm) a () k
Baseline 5.2 27.5 80 0.469
Check 1 3.97 27.5 70 0.469
Check 2 5.2 27.5 77.2 0.400
Check 3 5.2 27.5 81 0.490
Check 4 3.5 32.9 60 0.469
Check 5 3.0 13.85 85 0.450
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Fig. 9. Evolution of the recovery time for various geometries and material
properties. The curves assume the original k parameter without correction (n = 1).
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Fig. 10. Evolution of the recovery time for various geometries and material
properties, using a single correction factor n = 1.85.
Table 6
List of critical values of the modiﬁed geometrical parameter k0crit and associated errors,
in the cases where n = 1 (no correction applied) and n = 1.85.
n = 1 n = 1.85
k0crit Error (%) k
0
crit Error (%)
Baseline 5.634 – 5.344 –
Check 1 5.637 0.05 5.347 0.06
Check 2 5.544 1.60 5.342 0.04
Check 3 5.656 0.39 5.341 0.06
Check 4 5.639 0.09 5.349 0.09
Check 5 5.605 0.51 5.342 0.04
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around the values in bold given in Table 5. Fig. 9 shows a good
match of the curves for checks 1 and 4, where only the geometry
is changed with respect to the baseline. For the other cases, where
the Poisson’s ratio is also changed, there is a large scatter.
These results conﬁrm that the k parameter captures accurately
the effect of geometrical combinations on the recovery time, but
needs to be adjusted to include Poisson’s ratio effects as well. It
seems that variations in the Poisson’s ratio away from the baseline
value of k = 0.469 amplify the discrepancies already noticed in Fig. 8.
5.3. Empirical correction of the k parameter
It is necessary to recall at this point that the k parameter has
been derived assuming a state of plane stress according to thin-
walled shell theory (Kalnins, 1962). However, because the h/R ratio
exceeds 10% in most of the cases investigated here, the assumption
of plane stress, and consequently the deﬁnition of k, loses its
signiﬁcance.
To proceed, we acknowledge that the assumption of plane
stress manifests itself in terms of the (1  m2) term. Therefore, it
is possible to deﬁne an empirical correction factor to (1  m2)
which accounts for deviations from a state of plane stress. This
has the effect of only scaling material effects without invalidating
the geometrical relationship between R, h, and a. We deﬁne the
corrected geometrical parameter k0 as
k0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12ð1 m2Þn4
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðR=hÞ
q
a ð10Þ
where n is the correction factor to the (1  m2) term.
Applying the correction factor n = 1.85 to the data in Fig. 9
yields the new set of curves in Fig. 10. The scale of the graph is kept
the same for comparison. This clearly shows a much better match
of the curves. It must be noted that we can now deﬁne unique
bounds of pseudo-bistability, with the lower bound being
k00 ¼ 5:30, and the upper bound equal to k0crit ¼ 5:35. The interval
of pseudo-bistability therefore remains small at Dk = 0.05.Table 6 shows the critical values k0crit and the errors associated
with the corrected and uncorrected cases. For the uncorrected case
(n = 1), checks 2, 3, and 5 suffer from the highest absolute errors—
up to 1.6%—since they are those where the Poisson’s ratio is chan-
ged. Imposing the n = 1.85 correction factor reduces these errors at
least ten-fold. On the other hand, the errors of checks 1 and 4, in
which only the geometry is changed, are not affected by the correc-
tion factor; this is the result that is expected.
In conclusion, the correction factor considerably reduces the er-
ror associated with Poisson’s ratio effects; the overall small error in
the corrected case (less than 0.09%) is a satisfactory result given the
high sensitivity of the recovery time to the model parameters.
More importantly, this section has demonstrated that the k0
parameter can be generalised to a wide range of geometrical and
material parameters. Allowing a single parameter to describe un-
iquely the recovery time of the structure considerably simpliﬁes
the design process as it allows an accurate prediction of the geom-
etry for a chosen recovery time. This relationship has not, however,
been tested for geometries or materials far from the baseline con-
ﬁguration, which may introduce signiﬁcant deviations in the re-
sults. Moreover, the values of k0crit ¼ 5:35 and n = 1.85 have not
been veriﬁed for other loading or boundary conditions; this could
be the subject of further work.6. External factors
6.1. Maximum displacement
We now consider the effect of external factors such as loading
conditions on the response of the structure. In Fig. 11 we show
the effects of varying the maximum displacement of the dome
for different thicknesses around the baseline value of zmax ¼ 1:54.
It is immediately evident that for all thicknesses the recovery
time increases linearly with z⁄ in the following interval
1:45 < zmax < 1:65. Interestingly, the recovery times all decrease
to zero at zmax  1:45. On the other hand, as the displacement is
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Fig. 11. Evolution of the recovery time with maximum dome displacement. trec
increases roughly linearly with zmax, before dropping to zero in the cut-off region.
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Fig. 12. Vertical reaction force ratio against the vertical displacement ratio. The
ﬁnal reaction force ratio Pf should exceed the local minimum P

min (condition 1) and
should be approximately equal to 10% (condition 2).
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Fig. 13. Inﬂuence of the material relaxation on the recovery time. Increasing K1
increases the recovery time.
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Fig. 14. Inﬂuence of the long-term material relaxation (K1) on the recovery time.
Increasing K1 increases the interval of pseudo-bistability, but has no effect on k
0
crit .
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served; then suddenly the recovery time drops to zero in a cut-off
region.
The fact that there is a cut-off displacement where the recovery
time drops to zero is due to large oscillations at the removal of the
indenter which cause the structure to snap-back immediately. On
the other hand, if the displacement is too low ðzmax < 1:45Þ, then
the structure will never reach its second stable state, which is
why it also recovers immediately upon unloading.
To account for different dome geometries the maximum dis-
placement needs to be carefully selected to eliminate the inﬂuence
of this variable. We deﬁne P⁄(t) as the vertical reaction force ratio
such that P⁄(t) = P(t)/Pmax, where P(t) is the instantaneous reaction
force and Pmax the maximum reaction force. Fig. 12 shows the ver-
tical reaction force ratio plotted against the displacement ratio for
the baseline case (up to zmax ¼ 1:54); Pmax and Pmin indicate the
snap-through and snap-back loads, respectively.We impose the fol-
lowing conditions on the maximum displacement of the indenter:
1. The force ratio at the end of the loading Pf should exceed the
local minimum Pmin, and
2. The force ratio at the end of loading Pf should be approximately
equal to 10%.
Imposing the ﬁrst condition ensures that the dome enters the
linear domain of Fig. 11. Enforcing the second condition ensures
a consistent loading and prevents the structure from entering the
cut-off region. It is, however, impossible to decouple the effects
completely, so some error will be present when analysing different
geometries.
6.2. Material relaxation
Here we study the effect of varying the material viscoelasticity
on the recovery time. This is done by changing the relaxation fac-
tors gPi and k
P
i , whereby increasing the relaxation factors corre-
sponds to increasing the long-term material relaxation K1 (Eq.
(8)). The results are shown in Fig. 13, where the recovery time is
plotted against the long-term degree of relaxation K1. All other
parameters are kept constant throughout and equal to baseline
values, in particular trel = 10 s and K(10)/K1 = 75.3%. From these
results, it is immediately evident that the recovery time increases
with a higherK1. It can also be shown that the snap-back becomes
smoother (lasts longer) with an increasing K1.
The thickness analysis of Section 4.2 is now repeated for the
particular case where K1 = 34.0%. The results are plotted in terms
of k0 in Fig. 14 and compared with the baseline relaxation of
K1 = 11.3%. Increasing K1 has two visible effects on the bounds
of pseudo-bistability. The ﬁrst effect is that a higher K1 increasesthe interval of pseudo-bistability Dk0. For K1 = 34.0%, the interval
of pseudo-bistability is Dk0 = 0.25; this is six times higher than
the baseline value of Dk0 = 0.04 (K1 = 11.3%). Thinking in terms
of geometry, a relaxation of K1 = 34.0% gives an equivalent inter-
val of pseudo-bistability of Dh = 0.525 mm, compared to
Dh = 0.083 mm for the baseline case of K1 = 11.3%. From these re-
sults, it is easy to see that increasing K1 is highly advantageous in
obtaining a larger and more physically achievable spread of pseu-
do-bistability.
The second effect is that increasing K1 has no visible inﬂuence
on k0crit; the critical value remains unchanged at k
0
crit  5:35. Instead
the lower bound of pseudo-bistability k00
 
is decreased. This is an
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Fig. 16. Evolution of the recovery time with z⁄ for the following experimental
parameters: h = 5.39 mm, R = 27.5 mm, and a = 83.3 (k0 = 5.45).
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Fig. 17. Plot of the recovery time with the relaxation time. Experimental param-
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independent of material variations. It is important to recall, how-
ever, that the value of k0crit  5:35 is only valid for the baseline case
of zmax ¼ 1:54 and the current boundary conditions.
As each material corresponds to a unique recovery curve, fur-
ther investigation could concentrate on precisely relating the
material relaxation to the interval of pseudo-bistability. This would
generalise the prediction of the recovery time to any type of
material.
6.3. Relaxation time
Until now we have considered cases where the material has not
fully relaxed (the relaxation ratio was kept at 75%). From the re-
sults in the previous section, it is expected that varying the relax-
ation time around the value of t = 10 s will positively affect the
recovery time.
The recovery time is plotted against the relaxation time in
Fig. 15 for the baseline geometry, corresponding to k0 = 5.33. It
shows that the recovery time increases with the relaxation time,
reaching an asymptote of trec = 28.8 s at trel = 400 s.
The dependence of the recovery time on the relaxation time can
exploited as an advantage, depending on the type of application
that is required. High frequency loading for example would conve-
niently yield low recovery times because the structure has little
time to relax, instead low frequency or high loading times would
correspond to high recovery times. In other words, the forcing time
scale would match the response time scale.
Increasing the recovery time has a similar effect to increasing
the material relaxation; therefore, good control of the relaxation
time is sufﬁcient to provide a large range of recovery times. This
is bounded by the long-term relaxation of the material which could
additionally be tailored to each application by an appropriate
choice of resin.eters: h = 5.39 mm, R = 27.5 mm, a = 83.3, and trel = 10 s (k0 = 5.45). The recovery
time increases to an asymptote of trec  16 s at trel = 300 s.7. Experimental results
7.1. Maximum displacement
We recall that the main aim of the experimental work was
essentially to demonstrate the pseudo-bistable phenomenon in a
real structure, rather than to validate the numerical model. The
study of the maximum displacement was performed on a dome
with the following dimensions: h = 5.39 mm, R = 27.5 mm, and
a = 83.6. This gives a corrected geometrical parameter k0 = 5.45.
The inﬂuence of the displacement ratio on the recovery time is
shown in Fig. 16.0 100 200 300 400
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Fig. 15. Evolution of the recovery time with the relaxation time for the baseline
case, k0 = 5.33. The recovery time increases to an asymptote of trec = 28.8 s at
trec = 400 s.The experimental curve is remarkably linear; this matches the
numerical qualitative predictions. It is possible to show that by
increasing z⁄ beyond z⁄ = 1.8, the response enters the non-linear re-
gime predicted by the numerical model. This effectively corre-
sponds to an overstretching of the dome, and is shortly followed
by the puncture of the dome through the plate hole.
It is noted that the geometrical parameters for the experimental
and numerical cases do not match exactly, because reproducing
exact geometries in the experimental case is physically unachiev-
able due to manufacturing tolerances. However, the difference be-
tween the parameters is only 2.4%; this is equivalent to a thickness
difference of 0.15 mm. Due to manufacturing constraints, only a
single structure has been tested, but this is sufﬁcient to demon-
strate qualitative agreement.7.2. Relaxation time
The recovery time is plotted for a wide range of relaxation times
in Fig. 17. Again the experimental results indicate an increase in
the recovery time, similar to the numerical results. Here, the recov-
ery time reaches an asymptote of trec  16 s at trel = 300 s. In con-
clusion, although it is currently not possible to compare results
directly by matching the geometrical parameters, the experimental
results conﬁrm the qualitative behaviour that has been predicted
by the numerical simulations. More importantly, the experiments
have demonstrated that achieving a pseudo-bistable behaviour is
possible.
Table 7
Effect of changes in model parameters on the recovery time trec.
Change of parameter Effect on trec
Increasing thickness (h) Decreases trec
Increasing dome angle (a) Increases trec
Increasing radius (R) Increases trec
Increasing Young’s modulus (E) No effect
Increasing Poisson’s ratio (m) Decreases trec
Increasing degree of relaxation (K1) Increases trec
Increasing relaxation time (trel) Increases trec
Increasing max. displacement zmax
 
Increases trec
Fig. 18. General classiﬁcation of stability. The non-dimensional recovery time trec is
plotted against k0 . The pseudo-bistable response is bounded by an interval Dk0 ,
which grows with increasing K1. For k
0 < k00, the structure is monostable; for
k0 P k0crit , the structure is bistable.
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8.1. Error analysis
The pseudo-bistability shown herein was inﬂuenced by a cer-
tain number of errors. First, the manufacturing process suffered
from some inherent variability. Thickness variations in several
cases were found to reach ±0.25 mm (Dh = 0.5 mm). Yet all of the
specimens tested exhibited some form of pseudo-bistability.
Recalling that the FEA predicts a pseudo-bistable interval of around
Dh  0.083 mm, the experimental results suggest that in reality
the pseudo-bistable phenomenon exists over a wider interval of
geometry, a feature that enhances the viability of pseudo-
bistability.
These discrepancies can be explained by analysing the error
inherent to the material characterisation. First of all, there were
relatively large variations in the Poisson’s ratio (5–10%) between
individual samples, likely due to tracking errors in the video exten-
someter system. Moreover, the determination of the relaxation fac-
tors suffered from practical limitations of the test machine. In an
ideal test, the strain is applied instantaneously to the specimen
to obtain the instantaneous Young’s modulus E0. In reality, this is
impossible to achieve, and the material has already started to relax
when measurements are taken. Therefore, it is likely that the ac-
tual relaxation of the material may be higher than the one deter-
mined experimentally. Higher preload strain and data sampling
rates will generally give a more accurate result, but these are
bound by practical considerations.
We recall from the ﬁndings in Section 6.2 that a higher material
relaxation yields a larger interval of pseudo-bistability. Applying
an experimental thickness interval of Dh = 0.5 mm to the FEA re-
sults would correspond to a long-term relaxation of around
K1 = 30% (compared to K1 = 11.2% from the material character-
isation). It is therefore clear that the experimental characterisation
of the viscoelastic constants needs to be reﬁned and that the cur-
rent FE model is highly conservative. A ﬁner estimate of the relax-
ation factors would be sufﬁcient to improve the correlation
between the experimental and numerical results.
The experimental test procedure gives rise to several errors.
First, the error associated with the measurement of the recovery
times is approximately ±0.2 s. Additionally, because the same
structure is tested consecutively, and due to the time-dependency
of the material, the structure was allowed to rest between experi-
ments to ensure a near to full recovery. In reality, however, the
structure does not recover fully, and this is associated with a relax-
ation error which is difﬁcult to quantify. In some cases, the error
may be as high as 10%. A third source of error is induced by tem-
perature variations and the physical aging of the material (Scha-
pery, 1969). However, these errors are difﬁcult to quantify
without the use of techniques such as Dynamic Mechanical Analy-
sis (DMA) or Differential Scanning Calorimetry (DSC), and was be-
yond the scope of the current work.8.2. Generalisation
So far, it has been shown that pseudo-bistability can exist in iso-
tropic spherical domes and is inﬂuenced by a choice of geometric
and material parameters governed by the corrected geometrical
parameter k0. The inﬂuence of the model parameters on the recov-
ery time trec is summarised in Table 7.
To generalise the concept of pseudo-bistability to different
materials we introduce a non-dimensional recovery time
trec ¼ trec=t99, where t99 is the time it would take for the structure
to relax to 99% of its long-term modulus (i.e. reach a relaxation ra-
tio K(t99)/K1 = 99%).The general diagram of stability is illustrated in Fig. 18. It plots
the evolution of trec against k
0 and shows the inﬂuence of the mate-
rial relaxation K1 on the interval Dk0. The critical value k
0
crit re-
mains constant for all K1, while the lower limit k
0
0 decreases
with an increasing degree of relaxation K1. Overall, as K1 in-
creases, the interval of pseudo-bistability Dk0 grows. Finally, two
other stability regions surround the pseudo-bistable interval. For
k0 P k0crit, the structure is bistable, while for k
0 < k00, the structure
is monostable.
For purely elastic structures the relaxation is zero (K1 = 0), hence
by continuity the interval shrinks to zero and the pseudo-bistable
region disappears altogether. By selecting the geometry to be as
close to k0crit as possible, only a small amount of actuation would
be needed to snap the structure between its two stable states.
On the other hand, the limit of K1 = 1 corresponds to a special
case of viscoelasticity—the Maxwell material (represented by a
purely viscous damper and a purely elastic spring connected in ser-
ies (Lakes, 1999)). This is not a suitable representation of an engi-
neering material of the type necessary to achieve the structural
behaviour considered here. In fact, the Maxwell material may be
considered as a representation of a viscous ﬂuid. Near the region
K1 = 1, the recovery becomes so smooth that the two time scales
deﬁning the pseudo-bistable phenomenon lose their signiﬁcance.9. Conclusions and future work
In conclusion, this paper has ﬁrst demonstrated through ﬁnite
element analysis that pseudo-bistability exists in isotropic spheri-
cal domes and that it is limited to a small range of geometric and
material parameters. It has also been shown that these parameters
can be related to a single geometric parameter k0; this parameter,
A. Brinkmeyer et al. / International Journal of Solids and Structures 49 (2012) 1077–1087 1087together with a material correction factor of n = 1.85, uniquely de-
scribes the recovery time of the structure. In particular, there exists
a critical value k0crit  5:35 at which the recovery time tends to
inﬁnity and the structure becomes bistable. If k0 < k0crit the struc-
ture recovers to its initial state, a smaller k0 yielding a faster recov-
ery. Eventually a loss of pseudo-bistability is observed at k00 ¼ 5:31,
where the structure becomes monostable. It must be noted that
the values of n, k0crit, and k
0
0 have been determined for the baseline
loading and boundary conditions and may change for different
loading conﬁgurations.
Other factors have been shown to inﬂuence the recovery time,
such as the maximum dome displacement, the material long-term
relaxation, and the relaxation time. In particular, the numerical
analysis has shown that increasing the long-term relaxation of
the material corresponded to a signiﬁcant increase of the pseu-
do-bistable interval, whilst k0crit remained unchanged.
Finally, the manufacture and test of an experimental dome pro-
totype has put in evidence the pseudo-bistable phenomenon in
real structures. Experiments show good qualitative agreement
with the numerical results; nevertheless, the high sensitivity of
the numerical results to the geometry prevents a direct compari-
son. Still, pseudo-bistability occurs for a geometry which is close
to the numerical predictions, with an error in k0 of only 2.3%. Based
on the study of thickness variations, the experimental results sug-
gest that the structure has a higher degree of relaxation than orig-
inally thought.
There appears to be signiﬁcant potential for the development of
this new type of device: using a pseudo-bistable one-way actuator
can enable considerable power and weight savings over a classic
two-way actuator. The recovery time can be tailored to each use
by varying such parameters as the geometry, material, loading,
and relaxation times. Also, the use of a viscoelastic material pro-
vides an excellent damping mechanism. There are some drawbacks
to this behaviour as the recovery time is highly sensitive to the
model parameters and the structure requires a resisting force to
be kept in its snapped state. Nevertheless, further investigation
could potentially yield a highly exploitable solution to many engi-
neering applications such as actuation systems, energy absorption,
or ﬂow control.
Future work will involve the use of a Dynamic Mechanical Ana-
lyser to better understand the behaviour of the viscoelastic mate-
rial with varying frequency and temperature. This will help toreﬁne the ﬁnite element analysis viscoelastic model. Moreover, an-
other objective will be to demonstrate the pseudo-bistable phe-
nomenon on a larger scale in curved panels, which could be
more suited as actuator surfaces. Finally, the use of composite
materials will be investigated, with the aim of improving the
mechanical properties of these structures.
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